Abstract. Let M be a possibly noncompact manifold. We prove, generically in the C k -topology (2 ≤ k ≤ +∞), that semi-Riemannian metrics of a given index on M do not possess any degenerate geodesics satisfying suitable boundary conditions. This extends a result of Biliotti, Javaloyes and Piccione [5] for geodesics with fixed endpoints to the case where endpoints lie on a compact submanifold P ⊂ M × M that satisfies an admissibility condition. Such condition holds, for example, when P is transversal to the diagonal ∆ ⊂ M × M . Further aspects of these boundary conditions are discussed and general conditions under which metrics without degenerate geodesics are C k -generic are given.
Introduction
Genericity of properties of flows is a widely explored topic in dynamical systems, particularly regarding geodesic flows. A well known example is the so-called bumpy metric theorem (first stated by Abraham [3] , with complete proof by Anosov [4] ). This asserts that Riemannian metrics on a compact manifold M without degenerate periodic geodesics are generic relatively to the C k -topology (2 ≤ k ≤ +∞).
1
. Geodesics considered are affinely parametrized g-geodesics whose endpoints lie in P and whose tangent vectors are orthogonal to P at these points. Such geodesics will be called (g, P)-geodesics. We find suitable admissibility conditions on P (see Definition 4.5) under which the set of metrics g of index ν such that all (g, P)-geodesics are nondegenerate is C k -generic in some appropriate space of semi-Riemannian metric structures on M . This is the content of our main result, Theorem 5.10.
The case studied in [5] corresponds to P = {p} × {q}, with the hypothesis that p = q. Therefore, the case of nonconstant geodesic loops at a point p is left open, and it is conjectured that the same genericity statement holds. Theorem 5.10 answers positively this conjecture, once P = {p} × {p} satisfies the mentioned admissibility conditions (Definition 4.5). Such conditions hold, for instance, when P does not intersect the diagonal ∆ ⊂ M ×M , or, more generally, when it intersects ∆ transversally (Proposition 4.7).
Nevertheless, these admissibility conditions mentioned trivially fail for bumpy boundary conditions P = ∆. In this particular case, that corresponds to periodic geodesics, a similar nondegeneracy genericity statement holds due to the recent proof of the semi-Riemannian version of the bumpy metric theorem. This is a result of Biliotti, Javaloyes and Piccione [6] , using equivariant variational techniques, rather than dynamical. Such result is used in a nontrivial way in the proof of Theorem 5.10 if P ∩∆ = ∅. In addition, it is important to stress that the genericity results of [5, 6] combined do not automatically imply genericity of metrics without degenerate geodesics under general boundary conditions. Essentially, the degeneracy notions considered are different (see Remark 5.4) . Suppose P ∩ ∆ = ∅. Then there may be nontrivial Jacobi fields that degenerate a periodic geodesic 1 This obstruction is explained in detail in Remark 2.7. Our assumption on the submanifold P ⊂ M × M is that it admits semi-Riemannian metrics of index n that are given as restrictions of product metrics g ⊕ (−g) on M × M , where g is a metric of index ν on M .
as a periodic geodesic, but not as a (g, P)-geodesic. Therefore, a more involved argument is required. In general lines, this is done using the semi-Riemannian bumpy metric theorem to ensure that one may first restrict to metrics without degenerate periodic geodesics, which are generic. Only then an abstract criterion (Proposition 3.1) is used to prove genericity of metrics without degenerate geodesics with boundary conditions P. For this, a particularly degenerate class of geodesics is studied (Subsection 5.2) and the admissibility property is used in a crucial form.
Several geometric interpretations of this result are possible. For instance, consider P ⊂ M a fixed compact submanifold without ν-topological obstructions (Remark 2.7) and q ∈ M is a fixed point. Since P = P × {q} satisfies the admissibility conditions mentioned above (Example 4.9), our result can be applied. In this setting, it asserts that q is not focal to P in a C k -generic semi-Riemannian metric. It extends the genericity of the nonconjugacy property for two fixed distinct points, that correspond to the fixed endpoints case treated in [5] .
We now provide a short overview of the paper topics. A few preliminaries and notation are established in Section 2. We recall the definition of C k -Whitney type Banach space of tensor fields over a manifold and explore some elementary aspects of semi-Riemannian geodesics. In Section 3, we reproduce an abstract genericity criterion (Proposition 3.1) used in the proof of several genericity results. This theorem is present in both [5] and [7] and was successfully used to establish the genericity results of [5] mentioned before. It follows the lines of a standard transversality argument by White [17] , that uses the Sard-Smale theorem [16] for a family of nonlinear Fredholm functionals f x on a Hilbert manifold, parametrized in a Banach manifold. Briefly, it asserts that the values of x such that f x has only nondegenerate critical points is generic, under suitable regularity conditions. This abstract genericity criterion is also used in the proof of the semi-Riemannian bumpy metric theorem [6] , and in other contexts such as [9] . In Section 4, we introduce the concept of admissible general boundary conditions, and explore a few particular cases. Furthermore, the admissibility of a large class of boundary conditions is established in Proposition 4.7. In Section 5, we prove our main result, Theorem 5.10. Finally, in Subsection 5.4 it is improved to the weak C ∞ -topology, although in principle the arguments used in the proof do not apply directly, due to lack of regularity of the metric tensors space.
Preliminaries and notations
Throughout the text M will denote a smooth manifold of finite dimension n, and by smooth we will always mean of class C ∞ . Regarding differentiability of tensors, particularly metric tensors, which will usually be of class C k , we will implicitly consider k ≥ 2. Furthermore, g R will denote a fixed complete Riemannian metric on M .
2.1. Banach spaces of sections. Let p : E → M a vector bundle. Then Γ k (E) is the space of C k sections of E, and in the case
Given another smooth manifold N and a smooth map f : N → M , the pull-back by f of vector bundle E will be denoted f * E. Finally, Met k ν (M ) is the set of all semi-Riemannian C k metric tensors of index ν ∈ {0, . . . , n}, which is a subset of Γ
has a natural Banach space structure, and
is an open subset. Adopting the approach in [5, Subsection 4.1] to endow the space of tensors over a noncompact manifold M with a Banach space structure, consider the following.
having compact support; (ii) E is endowed with a Banach space norm · E with the property that · E -convergence of a sequence implies convergence in the weak Whitney C k -topology.
The second condition means that given any sequence {b α } and an element b ∞ ∈ E such that lim b α − b ∞ E = 0, for each compact set K ⊂ M , the restriction b α | K tends to b ∞ | K in the C k topology as α tends to ∞.
Remark 2.2. Using the auxiliary Riemannian metric g R on M it is possible to construct C k -Whitney type Banach space of tensors on M as follows. Firstly, we observe that the Levi-Civita connection ∇ R of g R induces a connection on all vector bundles over M obtained with functorial constructions from the tangent bundle T M . Furthermore, for each r, s ∈ N, g R induces canonical Hilbert space norms on each tensor bundle
into a separable normed space, which is complete if the Riemannian metric g R is complete. It is then easy to see that
We will use the following result proved in [5, Lemma 2.4], concerning the existence of global section of a vector bundle with prescribed value and covariant derivative along a sufficiently small curve. Lemma 2.3. Let p : E → B be a smooth vector bundle endowed with a connection ∇, γ : [a, b] → M a smooth curve and v ∈ Γ(γ * T M ) a smooth vector field along γ, such that v(t 0 ) is not parallel toγ(t 0 ) for some t 0 ∈ ]a, b[. Then there exists an open interval I ⊂ [a, b] containing t 0 with the property that, given smooth sections H and K of γ * E with compact support in I and given any open set U containing γ(I), there exists h ∈ Γ(E) with compact support contained in U , such that h γ(t) = H t and ∇ v(t) h = K t for all t ∈ I.
2.2. Semi-Riemannian basics. We now recall some elementary concepts of semiRiemannian geometry and make a few conventions. Given any symmetric (0, 2)-tensor b on M , for instance a semi-Riemannian metric, for all x ∈ M , the bilinear map b(x) will be identified with the linear operator
Let ∇ be an arbitrary symmetric connection on T M . Given another connection ∇ ′ , the difference
is a (1, 2)-tensor called the Christoffel tensor of ∇ ′ relatively to ∇, which can be computed using Koszul's formula. The connection ∇ induces a covariant derivative of vector fields along curves on M , which will be denoted D. In case ∇ g is the Levi-Civita connection of g ∈ Met k ν (M ), the corresponding operator of covariant derivative for vector fields along curves will be denoted D g ; and for the fixed Riemannian metric g R , it will be simply denoted D R . The Riemannian length of a curve γ : [a, b] → M with respect to g R will be denoted
The sign convention adopted for the curvature tensor of ∇ g is
. Let γ be a solution of the g-geodesic equation on M . Then γ will be called a g-geodesic only if it is affinely parametrized. A Jacobi field along a g-geodesic γ is a smooth section J ∈ Γ k (γ * T M ) satisfying the Jacobi equation
The endpoints of γ are said to be conjugate along γ if there exists a nontrivial Jacobi field along γ that vanishes at both endpoints of γ. Affine multiples of the tangent fieldγ are trivially Jacobi fields, and conversely, the only Jacobi fields along γ that are everywhere parallel toγ are its affine multiples. In addition, Jacobi fields are only parallel toγ at isolated points. Proof. Consider a basis of T γ(a) M given by (γ(a), e 2 , . . . , e n ) and its parallel transport along γ creating a frame (e 1 (t), e 2 (t), . . . , e n (t)), with e 1 (t) =γ(t). Then,
, J is parallel toγ at time t if and only if J i (t) = 0, for i ≥ 2. Suppose that there exists a limit t ∞ ∈ [a, b] of a sequence {t α } of different elements of D. From continuity of J it follows that t ∞ ∈ D. Thus for each i ≥ 2, the coordinate function J i (t) has a convergent sequence of zeros {t α } and hence
Since the Jacobi equation is a second order linear ODE,J = J. Hence J is always parallel toγ, a contradiction.
2.3.
Geodesics self intersections. The following elementary results will be used later to deal with geodesic self intersection problems.
Then the set of points where these geodesics intersect is finite, unless one is an affine reparametrization of the other.
Proof. Since the images of γ 1 and γ 2 are compact, if there were infinitely many intersection points, there would be an accumulation intersection point p = γ 1 (t) = γ 2 (s). Consider U a normal neighborhood of p. Ifγ 1 (t) andγ 2 (s) are linearly independent, since there are infinitely many points near p such that γ 1 and γ 2 coincide in U , there is an obvious contradiction to injectivity of the exponential map on U . Otherwise, ifγ 1 (t) andγ 2 (s) are linearly dependent, then γ 1 and γ 2 are affine reparametrizations of each other.
is infinite, then γ is periodic with period ω < 1.
Proof. If I is infinite, there exists an accumulation point t, s ∈ I. The local injectivity of γ implies that t = s, suppose t < s. Take ε > 0 small, and define γ 1 = γ ε [t−ε,t+ε] and γ 2 = γ ε [s−ε,s+ε] , where γ ε is the extension of γ to [−ε, 1 + ε].
Since γ 1 and γ 2 are defined on compact intervals and intersect infinitely many times, from Lemma 2.5, one is an affine reparametrization of the other. Moreover, both are restrictions of the same geodesic γ ε , hence γ 1 (t+ω) = γ 2 (t) for t ∈ t − ε, t + ε , where ω = s−t ≤ 1. Thereforeγ 1 (t) =γ 2 (s), hence γ is periodic with period ω ≤ 1. If t = 0 and s = 1, one can easily derive a contradiction with local injectivity of γ around 0, which implies ω < 1.
2.4. Submanifold geometry. We end this section recalling some classic facts about submanifolds of a semi-Riemannian manifold (M, g). For our applications, the manifold M will be the product M × M , and g will be the semi-Riemannian metric given by the sum of some semi-Riemannian metric g on M and its opposite −g. Consider the inclusion i : P ֒→ M of a submanifold P ⊂ M; the restriction i * g may degenerate, in which case the submanifold P is called degenerate.
To carry the main tools from Riemannian submanifold theory to the semiRiemannian context, one is forced to restrict to the nondegenerate case. It is then natural to consider
P is nondegenerate}. Remark 2.7. If 0 < ν < n, this subset Met k ν (M, P) might be empty, since there are topological obstructions to the existence of semi-Riemannian metrics of fixed index on a compact manifold P. For instance, in the Lorentzian case, if P is orientable, there exists a Lorentzian metric on P if and only if P has Euler characteristic 0. In general, P admits a semi-Riemannian metric of index ν if and only if it admits a distribution of rank ν.
Characteristic classes, in particular the Euler class, can be used for a more comprehensive study of these obstructions. However, in general this is a fairly difficult problem. For instance, if M has dimension 6 and P is homeomorphic to a 4-sphere, then Met k 3 (M, P) is empty. This follows easily from the following facts. On the one hand, the restriction to P of any metric tensor on M having index equal to 3 cannot be positive or negative definite. On the other hand, P does not admit any metric tensor of index 1 or 2, since P does not admit smooth distributions of rank 1 or 2.
2
If g ∈ Met k ν (M, P), the second fundamental form of P in the normal direction η ∈ T P ⊥ is the symmetric bilinear tensor S
, where ∇ g is the Levi-Civita connection on (M, g) and w is a smooth extension of w tangent to P. Using the fact that P is nondegenerate, we will also identify S P η at a point p ∈ P with the g-symmetric linear operator
An abstract genericity criterion
In this section we recall a result of Biliotti, Javaloyes and Piccione [5, Section 3] , that appears also in former paper by Chillingsworth [7] , which gives a powerful method to obtain genericity of Morse functionals satisfying appropriate transversality conditions. It follows the lines of a standard transversality argument by White [17] . Recall that a subset of a metric space is said to be generic if it contains a dense G δ , that is, countable intersection of open dense subsets. By the Baire theorem, a generic set is dense.
Assume Y is a Hilbert manifold, and f x : Y → R is a family of functionals parametrized in an open subset of a Banach manifold X. Under suitable regularity hypothesis, the set M = {(x, y) : y is a critical point of f x } is an embedded submanifold of X × Y , the projection Π : X × Y → X is a nonlinear Fredholm map of index zero and its critical values are precisely the set of parameters x such that f x has some degenerate critical point 3 in Y . Therefore, the problem of genericity of nondegenerate critical points is reduced to a matter of regular values of a Fredholm map. Applying the Sard-Smale theorem [16] , one achieves the desired genericity property.
More precisely, the abstract genericity criterion can be stated as follows.
where X is a separable Banach manifold and Y a separable Hilbert manifold. Assume that for every (x 0 , y 0 ) ∈ U such that ∂f ∂y (x 0 , y 0 ) = 0, the following conditions hold:
(i) the Hessian
(ii) for all w ∈ ker
Let U x = {y ∈ Y : (x, y) ∈ U} and denote by Π : X × Y → X the projection onto the first factor. Then the set of x ∈ X such that the functional 3.1. Brief sketch of the proof. Recall that a complete proof of such criterion can be found in [5, 7] .
Let us briefly give the main lines of how the proof goes. Condition (ii) is a transversality condition, more precisely it implies that the map ∂f ∂y : U → T Y * is transversal to the null section of the cotangent bundle T Y * . This guarantees that
the restriction Π| M is a nonlinear C k−1 Fredholm map of index zero. Moreover, its critical points are precisely the (x, y) ∈ M such that y is a degenerate critical point of the functional f x : U x ∋ y → f (x, y) ∈ R. Hence applying the Sard-Smale theorem [16, Theorem 1.3] one obtains genericity of parameters x for which f x has only nondegenerate critical points.
We shall use this abstract criterion in the following set up. The Banach manifold X will be a fixed C k -Whitney type Banach space of tensor fields over M , and the Hilbert manifold Y will be the manifold of curves of Sobolev class H 1 satisfying a general boundary condition on M . Typically, the open subset U ⊂ X × Y will be taken of the form U = U 0 × Y , where U 0 is an open subset of X consisting of metric tensors. The functional f will be a generalized energy functional. Hence critical points are pairs of metrics and geodesics. The Sard-Smale theorem applied to the projection on the first variable will imply genericity of metrics whose energy 3 By degenerate critical point of a map we mean a point where the Hessian of this map is not injective. In this case,
functional is Morse. We will give a more precise description of the intended use of this abstract genericity criterion in Section 5.
General boundary conditions
In this section we study general boundary conditions for the geodesic variational problem on M for curves parametrized in [0, 1] with certain regularity. We shall define general boundary condition on M , analyze the structure of the set of curves satisfying such a boundary condition, and discuss some of its important features, namely the absence of short geodesics under some further admissibility assumptions.
A fixed endpoint boundary condition on M is just a fixed pair of points (p, q) ∈ M ×M , and the correspondent restraint on a curve γ is γ(0) = p and γ(1) = q. This is the boundary condition on curves considered in [5] to prove genericity of metrics without degenerate geodesics, with the assumption that p = q. Several attempts to generalize this condition are possible, for instance instead of fixing two points p, q ∈ M , fix two submanifolds P, Q ⊂ M , and allow γ(0) ∈ P and γ(1) ∈ Q. The most comprehensive generalization is considering a submanifold P ⊂ M × M , with the restriction (γ(0), γ(1)) ∈ P on the endpoints of curves γ. This makes arbitrary choices of boundary conditions possible.
4.1. Nondegeneracy. Before defining general boundary condition and considering the appropriate space of curves satisfying such condition, it is necessary to go into a technical remark on the openness of nondegeneracy property of submanifolds.
Fix an index ν ∈ {0, . . . , n} and E a C k -Whitney type Banach space of tensor fields over M . Let
be an open subset of the intersection. For any g ∈ A ν , the first step to analyze degeneracy of geodesics with such a boundary condition P is to induce a metric structure on the submanifold i : P ֒→ M × M . It will be later clear from Remark 5.6 that the natural choice is to consider the restriction of the ambient space metric g ⊕ (−g) to P. Henceforth this product metric corresponding to g ∈ A ν will be denoted g. Proposition 4.1. Let P ⊂ M × M be a compact submanifold. Then the subset
Proof. Suppose A ν nonempty, otherwise the statement is trivially verified. For each g ∈ A ν , consider the product metric g. Let {g α } be a convergent sequence in A ν \A ν,P and {g α } the correspondent sequence in Met
with lim g α = g ∞ . Identifying at each p ∈ P the vector spaces
denoted with the same symbol. Since for all α, i * g α is a degenerate symmetric bilinear tensor on P, there exists p α ∈ P and V α ⊂ T pα P, with dim V α ≥ 1, such that V α ⊂ ker(i * g α ) pα . Choosing r to be the minimum of dim V α , without loss of generality it is possible to assume that for all α, dim V α = r ≥ 1.
Thus {V α } is a sequence in the Grassmannian bundle Gr r (P), which is compact, since P is compact. Up to subsequences, there exists V ∞ ∈ Gr r (P) limit of the sequence {V α }. By continuity of this convergence, there exists a limit point p ∞ ∈ P, and V ∞ ⊂ ker(i * g ∞ ) p∞ . Therefore, as dim V ∞ = r ≥ 1, the limit metric tensor g ∞ is also in Met
4 See (2.1). Notice that the index of g = g ⊕ (−g) is always equal to the dimension n of M , with no dependence of ν.
4.2.
A few definitions. Using the same notation from Proposition 4.1, it is now possible to define the following. Definition 4.2. A ν-general boundary condition on M is a compact submanifold P ⊂ M × M , such that A ν,P is nonempty (see Remark 2.7). When the index ν is evident from the context, P will be simply called general boundary condition.
Henceforth, P will denote a general boundary condition on M . Note that if ν = 0, then A ν = A ν,P is obviously nonempty for all submanifolds P ⊂ M × M . Compactness of P is a fundamental assumption, not only in order to prove Proposition 4.1, but also because we shall use boundedness of P to get the desired conditions on limits of curves satisfying such general boundary condition. It is also crucial to consider only nondegenerate metrics, since we shall prove genericity of the set of metrics without degenerate geodesics in A ν,P . This is genuinely the natural set of metrics to be considered in this context. Moreover, the submanifold geometry of P determines the behavior of variational fields correspondent to curves with these conditions, and for instance Lemma 5.5 would not hold in case P was degenerate (see Remark 5.6).
Let us now investigate the adequate setting for curves on M with endpoints in P. As usual,
has a canonical Hilbert manifold structure (see Lang [12] or Palais [14] ) modeled on the separable Hilbert space
. In order to verify that the subset
is a Hilbert manifold, consider the double evaluation map ev 01 : (1)). It is then easy to see that ev 01 is a submersion, hence Ω P (M ) = ev
Furthermore, the tangent space T γ Ω P (M ) can be identified with the Hilbertable space of all sections v of Sobolev class H 1 of the pull-back bundle γ
Moreover, for each γ ∈ Ω P (M ), the fixed complete Riemannian metric g R on M induces a Riemannian structure on the fibers of the pull-back bundle γ * T M . Hence Ω P (M ) can be endowed with a Riemann-Hilbert structure using the inner product in T γ Ω P (M ) given by
Example 4.3. The fixed endpoints condition P = {p} × {q} is trivially 5 a general boundary condition. As expected, the tangent space T γ Ω P (M ) is formed by Sobolev class H 1 sections v of γ * T M such that v(0) = 0 and v(1) = 0. Similarly, if P and Q are compact submanifolds, then P = P × Q is a general boundary condition, unless it fails to admit semi-Riemannian metrics of the appropriate index (see Remark 2.7). The curves γ ∈ Ω P (M ) satisfy γ(0) ∈ P and γ(1) ∈ Q, and the condition on the sections v of γ * T M that form the tangent space is v(0) ∈ T γ(0) P and v(1) ∈ T γ(1) Q. Note that P would still be a general boundary condition if one submanifold was taken as a point, i.e., Q = {q}.
Note that the transpose of a general boundary condition P, defined by
5 Note that P is automatically nondegenerate, since the tangent space to P is trivial and every possible ambient metric induces the identically null metric on P. This also holds if p = q.
is also a general boundary condition, and the spaces Ω P (M ) and Ω P t (M ) can be canonically identified by reparametrizing curves using the backwards parameterization. Hence solutions of the geodesic variational problems with boundary conditions P and P t are also obviously identified. Due to such symmetry, every result stated for some general boundary condition P is also automatically valid for its transpose P t .
Definition 4.4. Fix g ∈ A ν,P . A g-geodesic γ ∈ Ω P (M ) will be called a (g, P)-
where ⊥ denotes orthogonality relatively to g. It will be seen in Section 5 that this is equivalent to (g, γ) being a critical point of a generalized energy functional.
4.3. Periodic geodesics. An interesting example of boundary condition for geodesics is given by the diagonal
critical points of the g-energy functional in the space of curves with endpoints on ∆ are periodic g-geodesics. Note however that ∆, more generally any submanifold P somewhere tangent to ∆, is always degenerate for a metric of the form g = g ⊕(−g). Thus, these are not general boundary conditions. Indeed, if P is tangent to ∆ at (p, p), the tangent space T (p,p) P is a subspace of the diagonal ∆ ⊂ T p M ⊕ T p M , hence g is identically null in this space. In particular, ∆ ⊂ M × M itself is not a general boundary condition.
Nevertheless, Biliotti, Javaloyes and Piccione [6] recently managed to use equivariant variational genericity to prove the semi-Riemannian bumpy metric theorem 7 , which corresponds to our main result, Theorem 5.10, in case P = ∆. Our technique though does not apply to this case, and we use the semi-Riemannian bumpy metric theorem to prove our genericity statement if P ∩ ∆ = ∅.
4.4.
Admissibility. For the main result, it is necessary to have a lower bound on the Riemannian length of nonconstant (g, P)-geodesics. To this aim we introduce the following. Definition 4.5. A ν-general boundary condition P will be said to be admissible if for every g 0 ∈ A ν,P , there exists an open neighborhood V of g 0 in A ν,P and a > 0, such that for all g ∈ V, and all (g, P)-geodesics γ, L R (γ) ≥ a.
It is easy to see that this definition does not depend on the choice of the Riemannian metric g R . Some elementary classes of admissible general boundary conditions are worth mentioning. Firstly, if the general boundary condition P satisfies P ∩∆ = ∅, then it is admissible. In this case, it is enough to set a = min
Another class of admissible general boundary conditions is given by P = P ×{q}, where P ⊂ M is a compact submanifold, and q ∈ M , as in Example 4.3. There are two possible situations; namely if q / ∈ P , then P ∩ ∆ = ∅, hence it is also in the 6 Here ∆ ⊂ M × M is the diagonal of the product manifold M × M , however in the sequel we will be somewhat sloppy about the use of the symbol ∆. It will denote the diagonal not only of M × M , but also of any product space, for instance ∆'s own tangent space, which is the diagonal ∆ ⊂ TxM ⊕ TxM . There is no ambiguity, since it will always be clear from the context which diagonal is being considered. 7 This theorem asserts that the set of bumpy metrics, that is, metrics without degenerate periodic geodesics, is generic. The Riemannian version of this result was formulated by Abraham [3] and proved by Anosov [4] .
previous class. However, if q ∈ P , the proof of [6, Lemma 3.6] can be used to verify that P is admissible. In fact, although stated only for periodic geodesics, its proof is automatically valid considering nonconstant geodesic loops instead of periodic geodesics, hence gives the required condition on P. Note that the same is true for the transpose P t = {q} × P . We shall now establish the admissibility of a larger class of general boundary conditions that intersect ∆, using again a transversality approach. To this aim, we give an estimation of the decrease of the difference between the normalized tangent field to a geodesic at its endpoints, in terms of its length. 
where · is the Euclidean norm.
Proof. Given g ∈ Met k ν (U ), denote by Γ g the Christoffel tensor of g relatively to the Euclidean metric on U . Thus, for all x ∈ U , Γ g (x) : R n × R n → R n is a symmetric bilinear map depending continuously on x, and if γ is a g-geodesic, γ = Γ g (γ)(γ,γ), whereγ denotes the ordinary second derivative of γ in R n . This association g → Γ g is clearly continuous when Met k ν (U ) is endowed with the weak Whitney C 1 -topology and the space of Γ g 's is endowed with the weak Whitney C 0 -topology. If K ⊂ U is a given compact subset, set κ = max x∈K Γ g0 (x) + 1 and define
which is obviously an open neighborhood of g 0 in the weak Whitney C 1 -topology. Let us show that such O satisfies the thesis, with c = 2κ. Indeed, if g ∈ O and γ is a nonconstant g-geodesic with image lying in K, then at each time t ∈ [a, b],
Integrating the above inequality in [a, b], it follows that
Proposition 4.7. If a ν-general boundary condition P intersects ∆ transversally 8 , then P is admissible.
Proof. We proceed by contradiction. Since the weak Whitney C 1 -topology is first countable, assuming P is not admissible implies that there exists a sequence {g α } in A ν,P converging to some g 0 ∈ A ν,P in the weak Whitney C 1 -topology and a sequence γ α ∈ Ω P (M ) of nonconstant (g α , P)-geodesics such that lim L R (γ α ) = 0. Since P is compact, up to taking subsequences, one can assume that there exists x ∈ M such that (x, x) ∈ P and both lim γ α (0) = x, lim γ α (1) = x.
By taking a local chart of M around x, we can assume that we are in open subset U ⊂ R n . Let K ⊂ U be any compact neighborhood of x, so that there exists α 0
Since L R (γ α ) tends to zero, then also the Euclidean length of γ α tends to zero. From Lemma 4.6, it follows that,
and up to taking subsequences, we can assume that bothγ
γα(1) converge to unitary vectors. However, from the above limit, both tend to the same unitary vector v ∈ R n . We claim that (v, v) ∈ T (x,x) P ⊥ , where ⊥ denotes orthogonality with respect to g 0 , and that this concludes the proof. Indeed, suppose the claim to be true. Then
It is easy to see that ∆ ⊥ = ∆; and since we assumed T (x,x) P + ∆ = T x M ⊕ T x M , its orthogonal complement with respect to g 0 is trivial. Hence v = 0, which gives the desired contradiction.
It remains to prove the above claim that (v, v) ∈ T (x,x) P ⊥ .
Consider O the open neighborhood 9 of g 0 ∈ Met k ν (U ) in the weak Whitney C 1 -topology given by Lemma 4.6 with the choices above. Then, for all g ∈ O it is possible to give the following estimation for any g-geodesic γ with image lying in K,
where κ = max x∈K Γ g0 (x) + 1 is again the same as in Lemma 4.6. Hence, integrating the above inequality in [0, 1], it follows that log γ(1)
Applying this estimation to the (g α , P)-geodesics {γ α }, since its Euclidean length tend to zero, one concludes that
Moreover, for each α,
where ⊥α denotes orthogonality with respect to g α , and limγ
γα ( γα(1) = v. Since P is compact, this proves the claim that (v, v) ∈ T (x,x) P ⊥ .
Remark 4.8. Since admissibility of P can be characterized by its transversality to ∆, it follows that admissibility is a generic property of general boundary conditions.
To end this section, we analyze admissibility of some general boundary conditions given in Example 4.3.
Example 4.9. The fixed endpoints boundary condition P = {p} × {q} is clearly admissible, even if p = q. Indeed, it falls in the class of boundary conditions of the form P = P × {q}, where P ⊂ M is a compact submanifold, explored in the beginning of this subsection. Substituting q for a compact submanifold Q ⊂ M gives P = P × Q, as in Example 4.3. This is also clearly an admissible general 9 Using the identification above given by a local chart U of M around x, since the restriction map
is continuous in the considered topologies, the open neighborhood of g 0 in A ν,P can be taken as the preimage of O by this restriction map. boundary condition if P ∩ Q = ∅. If P ∩ Q = ∅, it is easy to see that P is transversal to ∆ if and only if P and Q are transversal submanifolds of M .
Genericity of metrics without degenerate geodesics
In this section we prove our main result, the genericity of semi-Riemannian metrics without degenerate geodesics satisfying an admissible general boundary condition. It is an immediate generalization of the genericity result in [5] that corresponds to {p} × {q} to any admissible general boundary condition P, even if P ∩ ∆ = ∅.
More precisely, consider again M a n-dimensional smooth manifold, an index ν ∈ {0, . . . , n} and A ν ⊂ E ∩ Met k ν (M ) a nonempty open subset of E, which is a fixed C k -Whitney type Banach space of tensor fields over M . Consider also P an admissible ν-general boundary condition, g R the fixed complete Riemannian metric on M and the Hilbert-Riemann structure it induces on Ω P (M ) (see (4.1)), given by (4.2). We shall prove that the set of semi-Riemannian metrics on M of fixed index ν such that all (g, P)-geodesics 10 are nondegenerate is generic in A ν,P (see Proposition 4.1).
For this we shall use the abstract genericity criterion given in Proposition 3.1 with the following geodesic setup. The Banach manifold X will be taken as the Banach space E and the Hilbert manifold Y as Ω P (M ). The open subset of X × Y is U = A ν,P × Ω P (M ), domain of the generalized energy functional
which is a C k functional. More precisely, it is smooth with respect to the first variable g ∈ A ν,P and C k with respect to the second variable γ. Furthermore, with this formulation, (g 0 , γ 0 ) is a critical point of f if and only if γ 0 is a (g 0 , P)-geodesic, i.e., γ 0 ∈ Ω P (M ) is a g 0 -geodesic and
where ⊥ denotes orthogonality with respect to g 0 . Hence, critical points of the projection Π : U → A ν,P correspond to the set of (g 0 , γ 0 ) such that γ 0 is a degenerate 11 (g 0 , P)-geodesic. Thus applying Proposition 3.1 we shall conclude that the set of g ∈ A ν,P such that the g-energy functional is Morse is generic in Π(U) = A ν,P .
5.1.
Derivatives of the energy functional. In order to verify the hypothesis of the abstract genericity criterion, we first compute the index form of the generalized energy functional and its kernel, verifying condition (i); and we also calculate the mixed derivative correspondent to condition (ii).
An easy computation gives the following formula for the index form
where S P η is the second fundamental form of P with normal η ∈ T P ⊥ , with respect to the ambient metric g 0 . 10 Recall that by geodesic we mean affinely parametrized geodesic.
11 That is,
is not injective. If P = {p} × {q} is a fixed endpoints condition, this means that p and q are conjugate along γ 0 . For a general P, we shall characterize the elements of the index form kernel as P-Jacobi fields and give further geometric interpretation in Subsection 5.3.
Lemma 5.1. The index form
is a Fredholm symmetric bilinear form on T γ0 Ω P (M ), i.e., it is represented by a self-adjoint Fredholm operator of this Hilbert space.
Proof. For each t ∈ [0, 1], denote by A t the automorphism of T γ(t) M that represents g 0 in terms of the fixed Riemannian metric g R , that is, such that g 0 = g R (A t ·, ·). Then the map Φ : T γ0 Ω P (M ) → T γ0 Ω P (M ) that carries v toṽ, whereṽ(t) = A t v(t), is an isomorphism.
We shall prove that the index form (5.2), is a compact perturbation of Φ, hence Fredholm. Indeed, the difference D(v, w) =
where
and A ′ is the covariant derivative 12 of A. Note that each term of the integral above is a bilinear form in T γ0 Ω P (M ) × T γ0 Ω P (M ) that does not contain more than one derivative of its arguments. Hence each term is continuous in one of its arguments, and continuous in the C 0 -topology in the other 13 ; and since the inclusion H 1 ֒→ C 0 is compact, each of these bilinear forms is represented by a compact operator of T γ0 Ω P (M ). Furthermore, the last term of the expression above for D is also represented by a compact operator of T γ0 Ω P (M ), since it is the image by an evaluation map with values on a finite dimensional vector space of a C 0 -continuous bilinear form in T γ0 Ω P (M ). Therefore D is represented by a compact operator of T γ0 Ω P (M ).
Moreover, the kernel of the index form
is the space of all Jacobi fields J ∈ T γ0 Ω P (M ), such that
The elements of this space will be called P-Jacobi fields.
Example 5.2. According to expected, in the cases of admissible general boundary conditions given in Example 4.9, P = {p} × {q} and P = P × Q, the P-Jacobi fields are Jacobi fields along γ 0 that, respectively, vanish at the endpoints, and J(0) ∈ T γ0(0) P and J(1) ∈ T γ0(1) Q. Geometrically, existence of a nontrivial PJacobi field in the previous cases can be interpreted as follows. In the first case, it simply means that p and q are conjugate along γ 0 ; and in the second, if Q = {q} is a point, it means that q is focal to P . For the geometrical interpretation of conjugacy for general products P = P × Q see for instance [15] .
Although the tangent fielḋ γ is a Jacobi field, it is never a P-Jacobi field. This is immediate from the fact thatγ is g-orthogonal to P at (γ(0), γ(1)), and that all P-Jacobi fields along γ must be tangent to P at this point. Since g does not degenerate on P, it followṡ γ / ∈ T γ Ω P (M ) and henceγ cannot be a P-Jacobi field. Note that this observation includes the case of geodesics loops, which may be (g, P)-geodesics if P ∩ ∆ = ∅. In addition, it also covers the possibility P = 12 A can be thought as a C k section of γ * 0 (T M * ⊗ T M ), and the connection ∇ R induces a canonical connection on this bundle. 13 Using the inclusion H 1 ֒→ C 0 it is possible to induce a C 0 -topology in Tγ 0 Ω P (M ).
{p} × {q}, even if p = q. In such case, the tangent space T (p,q) P is trivial, hence all P-Jacobi fields J along γ have to satisfy J(0) = 0 and J(1) = 0. Therefore,γ is not a P-Jacobi field once more.
Remark 5.4. Suppose P ∩ ∆ = ∅ and let γ be a periodic g-geodesic that is also a (g, P)-geodesic. As a consequence of Remark 5.3, the notions of degeneracy of γ differ when it is considered as a periodic geodesic and as a (g, P)-geodesic. More precisely, the tangent fieldγ is always a Jacobi field along γ, therefore γ would always be a degenerate critical point of the g-energy functional. Such degeneracy is caused by the obvious action of the circle S 1 on periodic curves, by right composition. To treat this special case, one is forced to use an equivariant definition of degeneracy. Namely, a periodic geodesic γ is said to be degenerate as a periodic geodesic if it admits a periodic Jacobi field that is not a constant multiple ofγ.
Since the tangent fieldγ is not a P-Jacobi field along γ, it follows that if γ is nondegenerate as a periodic geodesic, then it is also nondegenerate as a (g, P)-geodesic. However, the converse is not true, since γ may admit a Jacobi field which is not a constant multiple ofγ, neither a P-Jacobi field.
Let γ be a (g, P)-geodesic. Not only the tangent fieldγ is not a P-Jacobi field (Remark 5.3), but also P-Jacobi fields along γ are only parallel toγ at a finite number of points. Such claim is a consequence of Lemma 2.4 combined with the following result.
If J is a nontrivial P-Jacobi field along γ, then it is not everywhere parallel toγ.
Proof. Firstly, let us consider the trivial case when P is not a point. Since J is a PJacobi field, (J(a), J(b)) ∈ T (γ(a),γ(b)) P. Hence J(a) and J(b) are not respectively parallel toγ(a) andγ(b), because (γ(a),γ(b)) ∈ T (γ(a),γ(b)) P ⊥ . If P = {p} × {q}, the argument is modified as follows. In this case, suppose that there exists λ : [a, b] → M such that J(t) = λ(t)γ(t). Since J is the solution of the Jacobi equation, λ must be an affine function, that is, λ(t) = c 1 + c 2 t for some c 1 , c 2 ∈ R. Moreover, (J(a), J(b)) is tangent and orthogonal to P at (γ(a), γ(b)), thus λ(a) = λ(b) = 0. This implies that J is the trivial solution.
Remark 5.6. This is the reason to choose the product metric g = g ⊕(−g) instead of any other. Note that if the metric in P was different, it would be possible that the tangent fieldγ was a P-Jacobi field. Furthermore, notice that the nondegeneracy of P with respect to this g is essential in the proof.
To compute the second mixed derivative
∂g∂γ of the energy functional (5.1), it is convenient to use Schwartz lemma. Since the domain A ν,P × Ω P (M ) is the product of an open subset A ν,P of a Banach space E and a Hilbert manifold Ω P (M ), the first partial derivative can be thought as
which may also be seen as a bilinear form on T γ0 Ω P (M ) × E. If instead of deriving f first in g, one derives first in γ and then in g, the result is
which is a bilinear form on E × T γ0 Ω P (M ). Using local charts and Schwartz lemma, it follows that these maps are transpose to each other, that is, for all (v, w) ∈ E × T γ0 Ω P (M ),
We are interested in computing (5.5), however it turns out to be easier to compute (5.4), so we shall use the observation above. Since f is linear in the first variable, for all h ∈ E, ∂f ∂g
where D is the covariant derivative of vector fields along γ 0 induced by ∇. This gives a final formula for the mixed derivative which is crucial to verify condition (ii) of Proposition 3.1.
5.2. Strongly degenerate geodesics. Before proving our main theorem, let us introduce a class of geodesics that will play a special role in the final arguments for periodic geodesics.
Then γ is said to be strongly degenerate if there exists an integer k ≥ 2 such that:
, for all i ∈ {0, . . . , k − 1} and t ∈ 0,
Observe that if γ is strongly degenerate, then it is automatically a periodic geodesic with period 1 k . Moreover, our next result asserts it is also degenerate as such.
Proposition 5.8. If γ ∈ Ω P (M ) is a strongly degenerate (g, P)-geodesic, then it is also degenerate as a periodic geodesic (see Remark 5.4) . That is, γ admits a nontrivial periodic Jacobi field J that is not a constant multiple ofγ.
Proof. Take J a Jacobi field as in (b). Then J is not everywhere parallel toγ, otherwise it would follow thatγ = 0. Comparing condition (b) at t = 0 and t = 1 k , one obtains that
k is the identically null vector field, hence DV (t) = 0 for all t ∈ [0, 1]. Thus, it follows that
This concludes the proof, since the same J that degenerates γ as a (g, P)-geodesic is also periodic and is not a constant multiple ofγ.
Suppose that γ admits a nontrivial Jacobi field J such that
for all t ∈ 0, 1 k . Then, since the left-hand side in the above equality is a Jacobi field, then λ must be an affine function. However, since J is periodic, then λ must be constant, for otherwise the right-hand side of (5.7) would be unbounded as t → ±∞. Hence, by adding a suitable multiple ofγ to J, it is possible to obtain a Jacobi field that satisfies conditions (a) and (b) of Definition 5.7. Therefore, in this case γ is strongly degenerate.
Main result.
We are now ready to prove our main genericity result. More precisely, we prove that the set of semi-Riemannian metrics without degenerate geodesics satisfying an admissible general boundary condition P is generic in the Whitney C k -topology among metrics for which P is nondegenerate. It extends the previous genericity statement in [5] to the general boundary conditions setup described in the last section, which in particular allows one to consider geodesic loops at a point p.
Geometrically, [5] asserts that generically two distinct points are not conjugate. As in Examples 4.9 and 5.2, P = P × {q} is an admissible general boundary condition, where P is a compact submanifold and q a point. Applied to such P, our result asserts that generically q is not focal to P .
The proof is done in two steps. Firstly, we consider the trivially admissible case P ∩ ∆ = ∅ and apply the abstract genericity criterion using a local perturbation argument. Secondly, we treat the special case P ∩ ∆ = ∅ using its admissibility, since the abstract criterion fails due to the possible presence of strongly degenerate geodesics (see Definition 5.7). Furthermore, we stress that this result is not an immediate consequence of the first case P ∩ ∆ = ∅ and the semi-Riemannian bumpy metric theorem. Indeed, if γ ∈ Ω P (M ) is a periodic (g, P)-geodesic, the notions of degeneracy as a (g, P)-geodesic and as a periodic geodesic do not coincide (see Remark 5.4) . For this, we use a more elaborate argument, which employs both the semi-Riemannian bumpy metric theorem and the abstract genericity criterion in a different way.
Theorem 5.10. Let M be a smooth n-dimensional manifold and ν ∈ {0, . . . , n} G P (M ) = g ∈ A ν,P : all (g, P)-geodesics γ ∈ Ω P (M ) are nondegenerate .
Proof. We shall prove the genericity of G P (M ) in A ν,P in two steps. Firstly, we suppose that P satisfies P ∩ ∆ = ∅, and apply the abstract genericity criterion in Proposition 3.1. Secondly, if P ∩ ∆ = ∅, the abstract criterion fails due to possible existence of strongly degenerate geodesics. In this case, we use a more elaborate argument to deal with the periodic geodesic issue, appealing to the semiRiemannian bumpy metric theorem.
Case 1. Suppose P ∩∆ = ∅. From Lemma 5.1, it suffices to prove that condition (ii) of Proposition 3.1 is satisfied in the geodesic set up described in the beginning of this section. More precisely, we have to prove that given a semi-Riemannian metric g 0 ∈ A ν,P and γ 0 a (g 0 , P)-geodesic with a nontrivial P-Jacobi field J along γ 0 (see (5.3)), there exists h ∈ E such that the right-hand side of (5.6) does not vanish. For this, we use a local perturbation argument along the lines of [5, Proposition 4.3] , that employs Lemma 2.3.
Once more we treat two cases separately. First we assume γ 0 is not a portion of a periodic geodesic with period ω < 1. With this assumption, from Proposition 2.6, γ 0 has only a finite number of self intersections. It is then possible to find an open interval I ⊂ [0, 1] such that γ 0 | I is injective, γ 0 (I) ∩ γ 0 ([0, 1] \ I) = ∅ and J is not parallel toγ 0 at any time in I. Indeed such an interval exists, since the first condition is feasible due to the finiteness of self intersections and the second is also admissible as a consequence of Lemmas 2.4 and 5.5.
In order to find the required h ∈ E, we now apply Lemma 2.3 with E = T M * ⊗ T M * . Let U ⊂ M be any open subset containing γ 0 (I) such that γ 0 (t) ∈ U if and only if t ∈ I. For instance, U can be taken as the complement of γ 0 ([0, 1] \ I). Set H ∈ Γ(γ * 0 E) identically null and K ∈ Γ(γ * 0 E) any symmetric bilinear form smooth on t, that satisfies K(γ 0 ,γ 0 ) ≥ 0 and I K t (γ 0 (t),γ 0 (t)) dt > 0. Reducing the size of I if necessary and applying Lemma 2.3, it follows that there exists a globally defined smooth section h of E with compact support contained in U such that h γ0(t) = 0 and ∇ Jt h = K t for all t ∈ I. Hence for this h, the formula (5.6) gives
This concludes the proof of the case P ∩ ∆ = ∅, when γ 0 is not a portion of a periodic geodesic of period ω < 1.
If the (g 0 , P)-geodesic γ 0 has infinitely many self intersections, one can apply the exact same argument used in the second part of the proof of [5, Proposition 4.3] to show that this local perturbation approach above can be adapted. In general terms, the technique consists of a parity argument to find the desired interval I where the local perturbation occurs.
Remark 5.11. More generally, this local perturbation argument used in the previous case of geodesics with finite self intersections can be extended to any 15 periodic geodesic that is not strongly degenerate. In fact, if γ 0 has period ω < 1, then γ 0 (0) = γ 0 (1), and [5, Proposition 4.3] applies. If γ 0 (0) = γ 0 (1), then γ 0 is periodic with period 1 k , k ≥ 2. Suppose J is a nontrivial P-Jacobi field along γ 0 . Then a sufficient condition for the local perturbation to hold is that for some t 0 ∈ [0, 1],
which holds unless γ 0 is strongly degenerate. Under this condition, by continuity, it is possible to find an interval I around such t 0 with the same properties as the interval I considered above in Case 1. Then, Lemma 2.3 guarantees (see Remark 5.9) existence of the desired globally defined smooth section h, verifying the transversality condition (ii) of Proposition 3.1.
Case 2. Assume now P ∩ ∆ = ∅. Recall that L R is the length of curves with respect to the fixed complete Riemannian metric g R on M . For each α ∈ N define (5.8)
Since G P (M ) = α∈N R α , we shall prove that each R α is open and dense in A ν,P , hence the genericity result will follow from the Baire theorem.
Let us verify the first claim, namely that R α are open. For this, consider a convergent sequence {g β } in A ν,P \ R α , with lim g β = g ∞ . From definition of R α , for each β ∈ N there exists a degenerate (g β , P)-geodesic γ β with L R (γ β ) ≤ α. Since P is compact and L R (γ β ) ≤ α, by the Arzelà-Ascoli theorem, up to subsequences there exists a convergent sequence {t β } in [0, 1] with lim t β = t ∞ such that γ β (t β ) R ≤ α for all β ∈ N, and γ β (t β ) converges to v ∈ T p∞ M , with p ∞ = lim γ β (t ∞ ). From continuous dependence of ODE's solutions on initial conditions, it is easy to see that the solution γ ∞ of D g∞γ = 0 with initial conditions γ(t ∞ ) = p ∞ 15 Except the case of a prime periodic geodesic γ 0 ∈ Ω P (M ), with period ω = 1. Recall that a geodesic is said to be prime if it is not obtained as n-fold iteration of some other geodesic.
andγ(t ∞ ) = v is the C 2 -limit of the sequence of geodesics γ β . Therefore γ ∞ is a (g ∞ , P)-geodesic, and obviously L R (γ ∞ ) ≤ α.
Moreover, γ ∞ is nonconstant. This follows from the fact that P is an admissible general boundary condition. Hence there exists a > 0 such that L R (γ β ) ≥ a, for large β, since g β will be in any open neighborhoods of g ∞ in A ν,P .
In order to prove that such γ ∞ is a degenerate (g ∞ , P)-geodesic, for each β let J β be a nontrivial P-Jacobi field along γ β . Then J β is the solution of a second order linear ODE whose initial conditions converge to initial conditions of the PJacobi fields equation along the g ∞ -geodesic γ ∞ . More precisely, for each β, J β is a nontrivial P-Jacobi that in particular satisfies the g β -Jacobi equation
By adding a suitable multiple ofγ β (0), one can assume that J β (0) is g R -orthogonal toγ β (0). In addition, using an adequate normalization it is also possible to assume that max{
Again, up to subsequences, the initial conditions converge, lim J β (0) = v ∈ T γ∞(0) M, lim D g β J β (0) = w ∈ T γ∞(0) M.
By continuity, v is g R -orthogonal toγ ∞ (0), and (5.9) max{ v R , w R } = 1.
The solution of the g ∞ -Jacobi equation along γ ∞ with such limit initial conditions is a P-Jacobi field J ∞ that is also the C 2 -limit of the P-Jacobi fields J β . Finally, it is not a trivial P-Jacobi field. Indeed, if J ∞ were a multiple ofγ ∞ , since v is g R -orthogonal toγ ∞ (0), it would be v = 0 and w = 0, which contradicts (5.9). Hence g ∞ ∈ A ν,P \ R α , which proves that R α is an open subset.
It still remains to prove the second claim, that R α are dense. For this we define the following subsets of A ν,P , B α = g ∈ A ν,P :
all periodic g-geodesics γ with L R (γ) ≤ α are nondegenerate , D α = g ∈ A ν,P : all g-geodesics γ with L R (γ) < α that are periodic or (g, P)-geodesics are nondegenerate .
It is easy to see that for each α, D α+1 ⊂ R α . From the semi-Riemannian bumpy metric theorem [6, Theorem 3.14] , each B α is open and dense in A ν,P . Hence to prove that R α is dense in A ν,P , it suffices to prove that D α is dense in B α . To this aim, for each α we use the abstract genericity criterion of Proposition 3.1 again. The setting is as in Case 1, with the only difference being the domain of the generalized energy functional, which we now take as the open subset
This means that we are dealing only with bumpy metrics, that is, metrics without degenerate periodic geodesics.
Let us prove that the hypothesis of Proposition 3.1 are verified also in this context, concluding the proof. Condition (i) follows again from Lemma 5.1. As for transversality condition (ii), it would only fail in the presence of strongly degenerate geodesics (see Remark 5.11) . Indeed, for all non strongly degenerate geodesics γ 0 and P-Jacobi fields J along γ 0 , the sufficient condition mentioned in Remark 5.11 is verified, hence Lemma 2.3 can be applied to some interval I with the same properties as in Case 1. This is true even if γ 0 is a prime periodic geodesic, since it cannot be degenerate once the considered domain is a set of bumpy metrics B α .
However, if γ 0 is a strongly degenerate (g 0 , P)-geodesic, then it admits a Jacobi field J which satisfies (b) of Definition 5.7. For this J, the right-hand side of (5.6) is identically null for any section h of T M * ⊗T M * . In this strongly degenerate case, condition (ii) would not hold. Nevertheless, there cannot be critical points of the form (g 0 , γ 0 ), where γ 0 is a strongly degenerate (g 0 , P)-geodesic. This follows from Proposition 5.8, since γ 0 would also be a degenerate periodic geodesic, contradicting g 0 ∈ B α . Thus condition (ii) is verified and the abstract genericity criterion applies. Therefore R α is generic, in particular dense, in A ν,P for each α.
This concludes the proof that G P (M ) is generic in A ν,P .
5.4.
Genericity in the C ∞ -topology. We conclude this section showing how to extend the notion of genericity given above to the space of metrics endowed with the weak C ∞ -topology. Since this topology cannot be induced by a Banach space structure on the set Γ k sym (T M * ⊗ T M * ) of symmetric tensors on M , Proposition 3.1 cannot be applied. The appropriate argument uses ideas from [8] and although it is basically contained in previous works [5, 10] , will be repeated here for reader's convenience.
Let us rename A ν , A ν,P and G P (M ) as A 
